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The influence of a Lorentz-violation on soliton solutions generated by a system of two coupled
scalar fields is investigated. Lorentz violation is induced by a fixed tensor coefficient that couples
the two fields. The Bogomol’nyi method is applied and first-order differential equations are obtained
whose solutions minimize energy and are also solutions of the equations of motion. The analysis
of the solutions in phase space shows how the stability is modified with the Lorentz violation.
It is shown explicitly that the solutions preserve linear stability despite the presence of Lorentz
violation. Considering Lorentz violation as a small perturbation, an analytical method is employed
to yield analytical solutions.
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I. INTRODUCTION
Since the demonstration that spontaneous breaking of Lorentz symmetry is allowed in the high energy context of
string theories [1], Lorentz-violating theories have been extensively studied in diverse low energy systems and used as
an effective probe to test the limits of Lorentz covariance with direct consequences on the Planck scale physics. The
great majority of such investigations take place in the framework of the Extended Standard Model (ESM), conceived
by Colladay and Kosteletcky´ [2] as a extension of the minimal Standard Model of the fundamental interactions. The
ESM admits Lorentz and CPT violation in all sectors of interactions by incorporating tensor terms (generated possibly
as vacuum expectation values of a more fundamental theory) that account for such a breaking. Actually, the ESM
model sets out as an effective model that keeps unaffected the SU(3)×SU(2)×U(1) gauge structure of the underlying
fundamental theory while it breaks Lorentz symmetry at the particle frame. There is a large amount of work in the
literature [3, 4] searching for experimental and observational evidence of Lorentz breaking, in an attempt to put lower
bound on the parameters.
Topological defects are actually one of the most active research branches of theoretical physics, with profound
connections with condensed matter physics, gravitation and field theory [5]. In particular, kink solutions are the
simplest topological defects which appear after symmetry breaking of models with one or more scalar fields. Explicit
solutions have been worked in several models involving one or more scalar fields [6], including gravity [7], nested
defects [8], junctions [9] or connections with other areas of physics [10].
The influence of Lorentz violation on kink solutions was investigated in ref. [11], where the first-order framework
was applied for some class of models finding explicit solutions in some interesting cases. Here we pursue this problem
studying another class of models with some new results including explicit solutions, phase space analysis, stability
analysis and perturbative solutions. This paper is outlined as follows. In Sec. II, we present our model with Lorentz
violation and we apply the Bogomol’nyi method to find first-order equations that minimize the energy and solve the
equations of motion. The behavior of numerical solutions are studied in the phase space for several values of the
Lorentz breaking parameter. In Sec. III we prove that our solutions are stable and we find that the model support
traveling waves. Further, in Sec. IV we find explicit perturbative solutions for the fields. Our final conclusions are
presented in Sec. V.
II. THE MODEL AND FIRST-ORDER EQUATIONS
We consider a class of models with two real scalar fields
L = 1
2
∂µφ∂µφ+
1
2
∂µχ∂µχ+ k
αβ∂αφ∂βχ− V (φ, χ), (1)
2where the coupling tensor kµν characterizes Lorentz violation. The tensor coefficient is a 2× 2 matrix,
kαβ =
[
β α
α β
]
,
and is an element that couples the scalar fields, introducing Lorentz violation and inducing an asymmetry in the
propagation of the traveling waves present in these models. The Euler-Lagrange equations can be written as
φ¨− φ′′ + β(χ¨+ χ′′) + 2αχ˙′ + Vφ = 0, (2a)
χ¨− χ′′ + β(φ¨+ φ′′) + 2αφ˙′ + Vχ = 0, (2b)
where Vφ = ∂V/∂φ, Vχ = ∂V/∂χ, and prime and dot stand for space and time derivative, respectively. In the case of
static solutions, we get
−φ′′ + βχ′′ + Vφ = 0, (3a)
−χ′′ + βφ′′ + Vχ = 0. (3b)
The energy-momentum tensor,
T µν =
1
2
[∂µφ∂νφ+ ∂µχ∂νχ− kµα∂αχ∂νφ+ kαµ∂αφ∂νχ− gµνL] , (4)
provides the energy density of the static solutions:
T 00 =
1
2
[
φ′2 + χ′2 − 2βφ′χ′ + 2V (φ, χ)] . (5)
A useful form for representing the potential V (φ, χ) can be attained from Eqs. (3a) and (3b), as we get
d
dx
(
−1
2
φ′
2 − 1
2
χ′
2
+ βφ′χ′ + V
)
= 0. (6)
Then a potential satisfying
V =
1
2
φ′
2
+
1
2
χ′
2 − βφ′χ′ (7)
would lead to the second-order equations of motion for the fields φ and χ. This shows that the gradient and potential
portions of the energy do not contribute equally, the difference being proportional to the Lorentz violating coefficient
β.
In order to obtain first-order differential equations whose solutions are also solutions of the equations of motion we
use the Bogomol’nyi approach [12], looking at the energy density T 00 and trying to extract simple conditions that
minimize the total energy. We introduce a smooth function W = W (φ, χ) and consider the ansatz
φ′ = Wφ + s1χ
′, (8a)
χ′ = Wχ + s2φ
′. (8b)
Substituting this into Eqs. (5) and (7) leads to
T 00 =
1
2
(φ′2 + χ′2)− βφ′χ′ + 1
2
(Wφ + s1χ
′)2 +
1
2
(Wχ + s2φ
′)2 − βφ′χ′
= (φ′Wφ + χ
′Wχ) + φ′χ′(s1 + s2 − 2β) + 1
2
(φ′ −Wφ − s1χ′)2 + 1
2
(χ′ −Wχ − s2φ′)2.
For s1 + s2 = 2β and when the fields φ and χ satisfy the ansatz given by Eq. (8), we have T
00 ≡ ǫ = dW/dx, and the
total energy E is minimized to the value
E =
∫ ∞
−∞
ǫ(x)dx = |∆W |. (9)
3In the remaining of this section we take s1 = s2 = β. Explicitly, the ansatz given by Eq. (8) results in two first-order
differential equations that minimize the energy
φ′ =
1
1− β2 (Wφ + βWχ) (10a)
χ′ =
1
1− β2 (Wχ + βWφ) (10b)
Note that Eq. (7) can be written as
V (φ, χ) =
1
1− β2
(
1
2
W 2φ +
1
2
W 2χ + βWφWχ
)
, (11)
and for β2 < 1, which concur with the fact that any Lorentz violating parameter should be very small, the potential
is positive. The simplest solutions for the equation (10) are the homogeneous solution. These solution can be found
using the Wφ =Wχ = 0 that are minima of potential.
A. An Example
Now we will consider a particular potential. We choose the function W introduced in Ref. [6]
W (φ, χ) = φ− 1
3
φ3 − rφχ2 (12)
corresponding to the potential
V (φ, χ) =
1
1− β2
[
1
2
(1− φ2 − rχ2)2 + 2r2φ2χ2 − 2rβφχ(1 − φ2 − rχ2)
]
(13)
This potential depends explicitly on β, but the minima are (φ, χ) = (0,±
√
1/r) and (φ, χ) = (±1, 0) and they do
not depend of β. These points correspond to the following values of W : P1 = (φ, χ) = (−1, 0) ⇒ W1 = −2/3;
P2 = (1, 0)⇒ W2 = 2/3; P3 = (0,
√
1/r) ⇒ W3 = 0; P4 = (0,−
√
1/r) ⇒ W4 = 0. In this way we can possibly have
five BPS sectors connecting P1 ↔ P2, P1 ↔ P3, P1 ↔ P4, P2 ↔ P3, P2 ↔ P4 and one non-BPS sector connecting
P3 ↔ P4.
Now we analyze Eqs. (10) on the (φ, χ) plane, looking for explicit solutions. Those equations reduce, in the model
considered here, to the following first-order equations for the fields:
φ′ =
1
1− β2 [1− φ
2 − rχ2 − 2βrφχ] (14a)
χ′ =
1
1− β2 [−2rφχ+ β(1− φ
2 − rχ2)] (14b)
The case β = 0 lead to
φ′ = 1− φ2 − rχ2, (15a)
χ′ = −2rφχ, (15b)
which can be integrated to give the general orbit constraint
φ2 =
r
2r − 1χ
2 + Cχ
1
r + 1 (16)
A special case is the elliptic orbit for C = 0, with φ2 + r
1−2rχ
2 = 1. As this particular orbit connects the minimum
energy points P1 and P2, it is of particular interest with explicit solutions
φ(x) = tanh(2rx), χ(x) =
√
1
r
− 2 sech(2rx) (17)
Another special orbit is the line χ = 0 (C →∞). In this case, we take φ(x) = tanh(x).
4FIG. 1: Profile of the orbits in the (φ, χ) plane, given by Eqs. (14), for β = 1/3 and r = 1/3. The orbit in black (dot-dashed
line) corresponds to odd solutions, which have the symmetry φ(−x) = −φ(x) and χ(−x) = −χ(x).
We have been unable to find explicit solutions for general nonvanishing values of β. However, numerically we could
obtain orbits and the corresponding solutions φ(x) and χ(x). In Fig. 1, we plot the orbit profile of the Eqs. (14). The
green (solid) lines connect the minima P1 and P2. The blue (dashed) lines connect the minima P1 and P2 to P3 and
P4. Note that, in contrast with the case of vanishing β, there is no solution with one constant field.
We plot three pair of solutions in the next three figures, and in Fig. 2 we show that the φ(x) (left panel) and χ(x)
(center panel) solutions are related to the central orbit highlighted in black in Fig. 1, which connects P1 and P2.
The right panel shows the energy density, and we note that there are two small energy peaks in addition to the large
central peak. These solutions have energy EB = 4/3. In Fig. 3, we show the solutions and the respective energy
density related to the orbit connecting P1 and P3. The φ solution is not a monotonic function anymore, with a
minimum at x ≈ 3.5. Finally, in Fig. 4, we show the solutions that connect P2 and P3. We note that, in contrast
with the β = 0 case, the BPS solutions that connects P1 to P3 do not have the same form as the BPS solution that
connects P2 to P3, as we can see in Fig. 3 and in Fig. 4. Nevertheless, both solutions have the same energy EB = 2/3.
FIG. 2: The φ(x) (left panel) and χ(x) (right panel) solutions and energy density (right panel), for β = 1/3 and r = 1/3. These
solutions connect the points P1 and P2.
In the case of β being very small, we can find approximate results. However , we will present a perturbative analysis
for β ≪ 1 in Sect. IV.
III. STABILITY ANALYSIS
In order to analyze the stability of the solutions, one should start with the full partial differential equations (2a)
and (2b). For α = 0, for simplicity, we get to
φ¨− φ′′ + β(χ¨+ χ′′) + dV/dφ = 0, (18a)
χ¨− χ′′ + β(φ¨ + φ′′) + dV/dχ = 0, (18b)
It is interesting to observe that the Lorentz violation does not jeopardize the linear stability of the differential equations,
which turns stable the associated kinks solutions. Such demonstration is performed according to the usual way. With
5this purpose, we consider general fluctuations, η, ξ, on the field configurations:
φ(x, t) = φ(x) + η(x, t), χ(x, t) = χ(x) + ξ(x, t). (19)
With this, the differential equations (18) take the form
α2η¨ − α1η′′ + Vϕ1ϕ1η + Vϕ1ϕ2ξ = 0, (20a)
α1ξ¨ − α2ξ′′ + Vϕ1ϕ2η + Vϕ2ϕ2ξ = 0. (20b)
where α1 = (1− β), α2 = (1 + β) and
ϕ1 =
1√
2
(φ+ χ), ϕ2 =
1√
2
(φ− χ), (21)
FIG. 3: The same as in Fig. 2, for solutions that connect the points P1 and P3.
FIG. 4: The same as in Fig. 2, for solutions that connect P2 and P3.
Such system may be written in a matrix form: we use η(x, t) = η(x) cos(ωt) and ξ(x, t) = ξ(x) cos(ωt) to get
H
[
η
ξ
]
= ω2
[
α2η
α1ξ
]
(22)
where
H =
[
−α1 d2dx2 + Vϕ1ϕ1 Vϕ1ϕ2
Vϕ1ϕ2 −α2 d
2
dx2 + Vϕ2ϕ2
]
. (23)
Finally, it is possible to show that H = S†S, with:
S =
[ −√α1 ddx + p1Wϕ1ϕ1 p2Wϕ1ϕ2
p1Wϕ1ϕ2 −
√
α2
d
dx + p2Wϕ2ϕ2
]
. (24)
with p1 = a
√
α1, p2 = b
√
α2. Eq. (22) is not an eigenvalue equation but its structure is enough to demonstrate
stability. Indeed, such equation may be written as H |Ψ〉 = ω2nM |Ψ〉, where M is a diagonal 2 × 2 matrix with
M11 = α2,M22 = α1. Considering the internal product 〈Ψ|H |Ψ〉 = 〈Ψ|S†S|Ψ〉 = |S|Ψ〉|2, we obtain |S|Ψ〉|2 =
6ω2n(α2|η|2 + α1|ξ|2), which assures positivity of ω2, since α1, α2 > 0. The positivity of ω2 implies real values for ω,
which yields well behaved solutions for any time, meaning stability.
Another study concerns the propagation of traveling waves in this model of two coupled fields. First of all, we note
from Eqs. (18) that
α2ϕ¨1 − α1ϕ′′1 + dV/dϕ1 = 0, (25a)
α1ϕ¨2 − α2ϕ′′2 + dV/dϕ2 = 0, (25b)
If such a model entails the presence of traveling waves, then there should exist moving waves endowed with the same
form as the static solutions, which satisfy α1ϕ
′′
1 = dV/dϕ1, α2ϕ
′′
2 = dV/dϕ2. In order to properly examine this issue,
the fields are written in the form ϕ1 = ϕ1(u1), ϕ2 = ϕ2(u2), with u1 = γ1(x − v1t), u2 = γ2(x − v2t), where γ1, γ2
being constants and v1, and v2 represent the propagation velocities. Replacing ϕ1(u1), ϕ2(u2) into eqs. (25), one gets
α1d
2ϕ1/du
2 = dV/dϕ1, (26a)
α2d
2ϕ2/du
2 = dV/dϕ2, (26b)
after making the following identification
γ1 = [1− (α2/α1)v21 ]−1/2, γ2 = [1− (α1/α2)v22 ]−1/2. (27)
The attainment of Eqs. (26a,26b) confirms that this model supports traveling waves. The phase velocity (vph = ω/k)
of such waves is given by the dispersion relations coming from the free version of Eqs. (25a,25b), −α2k2 + α1ω2 = 0,
−α1k2 + α2ω2 = 0, which implies v1 = ±
√
α2/α1, v2 = ±
√
α1/α2. Considering the redefinitions (21), the stationary
wave configurations associated with the fields φ, χ are composed by two travelling waves of velocities v1, v2. It is
interesting to note that v2 < 1 while v1 > 1, and that this outcome prevails for the group velocity as well, with
vg2 < 1 while vg1 > 1.
IV. ANALYTICAL METHOD FOR PERTURBED SOLUTIONS
Taking into account that Lorentz violation is a small effect, a perturbative approach is well suited to deal with
it. In this sense, an analytical method may be used to construct explicit first-order solutions for the differential
equations (18) constrained to the situation where the LV parameter β is small (since its presence is addressed as a
perturbation on the Lorentz symmetric case). In order to obtain first order analytical solutions, we should first define
the unperturbed system (β = 0) as
φ¨− φ′′ + dV/dφ = 0, (28a)
χ¨− χ′′ + dV/dχ = 0, (28b)
which provides unperturbed solutions (labeled as φ0 and χ0), whose form depend on the adopted potential V. In this
section we consider V (φ, χ) = V1(φ) + V2(χ), which makes the above equations uncoupled.
In the static perturbed case, the differential equations are:
−φ′′ + βχ′′ + dV/dφ = 0, (29a)
−χ′′ + βφ′′ + dV/dχ = 0. (29b)
Note that these equations are coupled only by β-dependent terms. In order to solve it, we propose the following
ansatz
φ(x) = φ0(x) + βg(x), χ(x) = χ0(x) + βf(x), (30)
where g and f are functions to be determined. Replacing such ansatz in eqs. (29a,29b), it results
−g′′ + χ′′0 + gd2V/dφ2|φ0 = 0, (31a)
−f ′′ + φ′′0 + fd2V/dχ2|χ0 = 0, (31b)
where φ0 and χ0 are the corresponding unperturbed solutions. These are second-order differential equations, whose
solutions may be achieved in an analytical form for certain potentials. Aa a first example, let us consider the potential
such that
V1(φ) = (1− φ2)2/2, V2(χ) = (1− χ2)2/2, (32a)
7which provides the well-known solutions, φ0(x) = ± tanh(x), χ0(x) = ± tanh(x), besides the homogeneous ones:
φ0(x) = χ0(x) = ±1, 0. In this way, Eqs. (31a)-(31b) give
−g′′ + χ′′0 + g(−2 + 6φ20) = 0, (33a)
−f ′′ + φ′′0 + f(−2 + 6χ20) = 0. (33b)
A first situation consists in choosing φ0(x) = ± tanh(x), χ0(x) = ±1, which leads to the system of equations
−g′′ + g(6 tanh2 x− 2) = 0, (34a)
−f ′′ ∓ 2 tanhx sech2 x+ 4f = 0. (34b)
Under the boundary conditions (dg/dx)|x→∞ = (df/dx)|x→∞ = 0, g(0) = a, f(0) = b, such system supports an exact
analytical solution given as follows
g(x) = a sech2 x, (35a)
f(x) = be−2x ± 2[1− ln(2 coshx)] sinh 2x± 2x cosh 2x∓ tanhx(1 + 2 cosh2x). (35b)
With this, the classical solutions for the Lorentz-violating system are determined at first order in accordance with
eqs. (30).
A second case is φ0(x) = ± tanh(x), χ0(x) = tanh(x) with the conditions (dg/dx)|x→∞ = (df/dx)|x→∞ = 0,
g(0) = a, f(0) = b, which gives
g(x) = (a+ x/2) sech2 x, f(x) = (b± x/2) sech2 x. (36)
Once we have obtained first-order analytical solutions, it is also possible to carry out the corresponding first-order
energy corrections for the solutions already known. The starting point is the energy density given by eq. (5), written
for eqs. (30), which implies T 00 = T 000 + T
00
β , where:
T 00 =
1
2
[
φ′20 + χ
′2
0 + 2V (φ, χ)
]
(37a)
T 00β = β[φ
′
0g
′ + χ′0f
′ − φ′0χ′0 + Vφg + Vχf ]. (37b)
Here, T 00
0
is the usual energy density (without Lorentz-violation) and T 00β is the first-order correction due to Lorentz
violation. Now, using the potentials of Eqs. (32a)a-(32a)b, the energy correction takes the form
T 00β = β[φ
′
0
g′ + χ′
0
f ′ − φ′
0
χ′
0
− 2φ0(1− φ20)g − 2χ0(1− χ20)f ]. (38)
A first case whose energy is to be analyzed is the one in which φ0(x) = ± tanh(x), χ0(x) = ±1. In this case, the
corresponding solutions are given by eqs. (35a,35b), which lead to the following result
T 000 = sech
2 x, (39a)
T 00β = ∓β[6a tanhx sech4 x]. (39b)
The energy associated with this density, E =
∫∞
−∞
T 00β dx, is zero, since one has to integrate an odd function. Hence,
the energy is simply the one of the usual case (without LV): E =
∫∞
−∞
T 000 dx = 4/3. This means that the energy does
not change up to first-order in β.
The second case is given by φ0(x) = ± tanh(x) and χ0(x) = tanh(x), whose solutions are given by eqs. (??,36). In
this case, one gets
T 000 = 2 sech
2 x, (40a)
T 00β = ∓
4β
3
[x tanhx sech4 x]. (40b)
The associated energy correction is then equal to ∓4β/3, with total energy being given by E = 4(2∓ β)/3. Here the
energy receives first-order correction in β.
8V. ENDING COMMENTS
In this work, we have studied the effects of a Lorentz-violating tensor term on the topological defects associated with
models described by two real scalar fields. We applied the Bogomol’nyi approach to successfully attain first-order
differential equations whose solutions minimize the energy and solve the equations of motion. This simplification
is extremely useful to study numerically the solutions in phase space. We studied a model where the potential
describing the two scalar fields presents nonlinear couplings between the fields, with a rich structure of minima. As
we have shown, for general values of the parameter which implements the Lorentz breaking, a numerical investigation
was performed, and we have found numerical solutions connecting minima of the potential. For general models, we
performed a stability analysis to show that the solutions of the equations of motion are well behaved in time. Also, we
have shown that the models support traveling waves in general. Since we where not able to find explicit solutions for
general values of β, we studied the case with β ≪ 1, which concur with the fact that the Lorentz breaking should be
very small. In this case, we proposed an ansatz for the perturbed solutions, finding explicit solutions for the special
case where the potential is described by the two fields φ and χ, that do not interact with each other.
Acknowledgments
The authors express their gratitude to CAPES, CNPq, FAPEMA and PADCT-MCT-CNPq for financial support.
[1] V. A. Kostelecky and S. Samuel, Phys. Rev. Lett. 63, 224 (1989); Phys. Rev. Lett. 66, 1811 (1991); Phys. Rev. D39, 683
(1989); Phys. Rev. D 40, 1886 (1989), V. A. Kostelecky and R. Potting, Nucl. Phys. B 359, 545 (1991); Phys. Lett. B
381, 89 (1996); V. A. Kostelecky and R. Potting, Phys. Rev. D 51, 3923 (1995).
[2] D. Colladay and V. A. Kostelecky´, Phys. Rev. D 55,6760 (1997); D. Colladay and V. A. Kostelecky´, Phys. Rev. D 58,
116002 (1998).
[3] S.R. Coleman and S.L. Glashow, Phys. Rev. D 59, 116008 (1999); V. A. Kostelecky´ and M. Mewes, Phys. Rev. Lett. 87,
251304 (2001); Phys. Rev. D 66, 056005 (2002).
[4] C. Adam and F. R. Klinkhamer, Nucl. Phys. B 607, 247 (2001); C. Adam and F.R. Klinkhamer, Phys. Lett. B 513, 245
(2001); V.A. Kostelecky and R. Lehnert, Phys. Rev. D 63, 065008 (2001); R. Lehnert, Phys. Rev. D 68, 085003 (2003);
R. Lehnert, J. Math. Phys. 45, 3399 (2004); R. Montemayor and L.F. Urrutia, Phys. Rev. D 72, 045018 (2005); Q. G.
Bailey and V. A. Kostelecky, Phys. Rev. D 70,076006 (2004); B. Altschul, Phys. Rev. D 72, 085003 (2005); -ibid, Phys.
Rev. D 70 (2004) 056005; O. Gagnon and G. D. Moore, Phys. Rev. D 70, 065002 (2004); M. Lubo, Phys. Rev. D 71,
047701 (2005); P. A. Bolokhov, S. G. Nibbelink, M.Pospelov, Phys. Rev. D72, 015013 (2005); M. M. Ferreira Jr, Phys.
Rev. D 70, 045013 (2004); -ibid, Phys. Rev. D 71, 045003 (2005); A.A. Andrianov and R. Soldati, Phys. Rev. D 51, 5961
(1995); -ibid, Phys. Lett. B 435, 449 (1998); A.A. Andrianov, R. Soldati and L. Sorbo, Phys. Rev. D 59, 025002 (1999);
R. Lehnert and R. Potting, Phys. Rev. Lett. 93, 110402 (2004); -ibid, Phys. Rev. D 70, 125010 (2004).
[5] A. Vilenkin and E.P.S. Shellard, Cosmic Strings and Other Topological Defects, (Cambridge, Cambridge, UK, 1994); N.
Manton and P. Sutcliffe, Topological Solitons, (Cambridge, Cambridge, UK, 2007).
[6] D. Bazeia, M.J. dos Santos, and R.F. Ribeiro, Phys. Lett. A 208, 84 (1995); F.A. Brito and D. Bazeia, Phys. Rev. D 56,
7869 (1997);
[7] D. Bazeia, C. Furtado, and A.R. Gomes, JCAP 02, 002 (2004); D. Bazeia and A.R. Gomes, JHEP 05, 032 (2004).
[8] J.R. Morris, Phys. Rev. D 51, 697 (1995); Phys. Rev. D 52, 1096 (1996); D. Bazeia, R.F. Ribeiro, and M.M. Santos, Phys.
Rev. D 54, 1852 (1996); J.D. Edelstein, M.L. Trobo, F.A. Brito, and D. Bazeia, Phys Rev. D 57, 7561 (1998); J.R. Morris,
Int. J. Mod. Phys. A 13, 1115 (1998); D. Bazeia, H. Boschi-Filho, and F.A. Brito, JHEP 04, 028 (1999).
[9] G.W. Gibbons and P.K. Townsend, Phys. Rev. Lett. 83, 1727 (1999); P.M. Saffin, Phys. Rev. Lett. 83, 4249 (1999); H.
Oda, K. Ito, M. Naganuma, and N. Sakai, Phys. Lett. B 471, 140 (1999); D. Bazeia and F.A. Brito, Phys. Rev. Lett. 84,
1094 (2000); Phys. Rev. D 61, 105019 (2000); D. Bazeia, J. Menezes, and M.M. Santos, Phys. Lett. B 521, 418 (2001);
Nucl. Phys. B 636, 132 (2002), P. P. Avelino, C. J. A. Martins, J. Menezes, R. Menezes and J. C. R. Oliveira, Phys. Rev.
D 73, 123520 (2006); P. P. Avelino, D. Bazeia, R. Menezes and J. Oliveira, Phys. Rev. D 79, 085007 (2009).
[10] D. Bazeia, R.F. Ribeiro, and M.M. Santos, Phys. Rev. E 54, 2943 (1996); D. Bazeia and E. Ventura, Chem. Phys. Lett.
303, 341 (1999); E. Ventura, A.M. Simas, and D. Bazeia, Chem. Phys. Lett. 320, 587 (2000).
[11] M. N. Barreto, D. Bazeia and R. Menezes, Phys. Rev. D 73, 065015 (2006).
[12] E.B. Bogomol’nyi, Sov. J. Nucl. Phys. 24, 449 (1976); M. K. Prasad and C.M. Sommerfeld, Phys. Rev. Lett. 35, 760
(1975).
[13] A. Alonso Izquierdo, M.A. Gonzalez Leon, J. Mateos Guilarte, Phys.Rev. D 65, 085012 (2002); A. Alonso Izquierdo, M.A.
Gonzalez Leon, J. Mateos Guilarte, M. de la Torre Mayado, Phys.Rev. D 66, 105022 (2002); M. Eto and N. Sakai, Phys.
Rev. D 68 125001 (2003); A. Alonso Izquierdo, M.A. Gonzalez Leon, M. de la Torre Mayado, J. Mateos Guilarte, Physica
9D 200, 220 (2005); A. de Souza Doutra, Phys. Lett. B 626 249 (2005); A. Alonso Izquierdo, J. Mateos Guilarte, Physica
D 220, 31 (2006); A. R. Gomes and D. Bazeia, Phys. Scr. 79 055005 (2009).
